Introduction {#Sec1}
============

With approximately 50--100 million cases annually, dengue is one of the most prevalent mosquito-borne diseases in the world (World Health Organization [@CR38]). Over 40% of the world's population live in areas with high risk of dengue transmission and over 100 countries are endemic for the disease (Kumar et al. [@CR16]). Dengue is transmitted to humans mainly through the bite of infected female *Aedes aegypti* mosquitoes and is caused by one or more viral serotypes of the *Flaviviridae* family \[DENV-1 through 4 are known to infect humans; identification of a fifth, sylvatic serotype termed DENV-5 has been claimed (Mustafa et al. [@CR23])\]. Although this illness is typically self-limiting, with infection by one serotype resulting in lifelong immunity to that specific serotype, severe forms of the disease can cause dengue hemorrhagic fever and dengue shock syndrome (Kumar et al. [@CR16]). Currently, no treatment exists for dengue and only one controversial vaccine ($\documentclass[12pt]{minimal}
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Closely related to dengue is Zika, another disease of international concern. Zika was first discovered in Uganda in 1947 and has since spread across the globe, with outbreaks in Yap Island (2007), French Polynesia (2013), and more recently the Americas (2015) (Gao et al. [@CR12]). The Zika virus (ZIKV) is of the same family as the dengue serotypes and is also transmitted to humans primarily by *A. aegypti* mosquitoes (although it can also be sexually and vertically transmitted within the human population). While some clinical symptoms of Zika, such as acute fever, nausea, rash, joint pain, and myalgia, are similar to dengue, Zika is unique in that it can cause serious complications in the form of Guillain--Barré syndrome and congenital Zika syndrome (Gao et al. [@CR12]).

Due to having a shared vector, cocirculation of dengue and Zika is common in many geographical regions and increases the likelihood of dengue--Zika coinfections within human and mosquito populations. To date, clinical studies have reported human coinfections in countries such as Colombia, New Caledonia, Nicaragua, and Haiti (Carrillo-Hernández et al. [@CR5]; Dupont-Rouzeyrol et al. [@CR10]; Lovine et al. [@CR17]; Waggoner et al. [@CR34]). However, because of the rapid introduction of Zika into countries that are endemic with dengue, similarities in symptoms between the two diseases, underreporting, and the lack of proper serotesting in developing countries, it is believed that the prevalence of coinfections is higher than currently perceived (Rückert et al. [@CR29]).

In *A. aegypti* mosquitoes, infection with multiple arboviruses has been shown to affect viral dissemination, transmission, and replication (Abrao and da Fonseca [@CR1]; Magalhaes et al. [@CR18]; Rückert et al. [@CR29]). Researchers in Chaves et al. ([@CR7]) reveal that for dengue and Zika specifically, coinfection can impact mosquito infectivity. The results of Chaves et al. ([@CR7]) indicate that while the number of dengue virus cDNA copies in coinfected mosquitoes is higher than in monoinfected mosquitoes (up to 12 times higher), Zika cDNA copies are lower in coinfected mosquitoes than in their monoinfected counterparts (6--9 times lower). This suggests that coinfection may cause mosquitoes to be more likely to transmit dengue and less likely to transmit Zika.

Within humans, dengue and Zika can display complex viral interactions in the form of antibody-dependent enhancement (ADE). ADE occurs when antibodies from a previous infection bind to a pathogen in a subsequent infection and, instead of neutralizing the pathogen, increase viral uptake and replication (Whitehead et al. [@CR36]). Many in vitro studies (e.g., Charles and Christofferson [@CR6]; Dejnirattisai et al. [@CR9]; Durbin [@CR11]; Paul et al. [@CR27]) have shown that dengue antibodies cross-react with the ZIKV, increasing Zika infection of cells and production of viral progeny by over 100-fold. The reciprocal effect of ZIKV antibodies increasing dengue virus titers has also been reported (Kawiecki and Christofferson [@CR15]; Stettler et al. [@CR31]). Although these cross-reactive ADE effects have not been confirmed in vivo in humans by field data, they have been observed in vivo in mice (Bardina et al. [@CR3]) and macaques (George et al. [@CR13]). Thus, given the well-known ADE across DENV serotypes and the consistent in vitro results, the potential is clear for immunity to one of the two viruses to enhance transmission of the other virus within the human population.

While many mathematical models have been developed to understand the dynamics of Zika and dengue individually (e.g., Andraud et al. [@CR2]; Braselton and Bakach [@CR4]; Wiratsudakul et al. [@CR37]), only a few have considered both viruses simultaneously. The first two studies to do so also included chikungunya, an arbovirus transmitted by the infamous *A. aegypti* (Isea and Lonngren [@CR14]; Okuneye et al. [@CR24]), but largely excluded the possibility of coinfection. Isea and Lonngren ([@CR14]) focused on analyzing the stability of a nontrivial equilibrium in a system which considers only single transmission of the three viruses. They also introduce a second model that incorporates coinfections within the human population, but its analysis was limited to finding a nontrivial equilibrium. Both models exclude sexual transmission of Zika between humans, coinfection within the mosquito population, and altered infectivity of humans (due to possible ADE) or mosquitoes (due to coinfection). Meanwhile, the model in Okuneye et al. ([@CR24]) investigates the impact of a dengue--chikungunya--Zika superinfection hierarchy within humans, where (based on relative incidence data) infection with dengue completely replaces infection with chikungunya or Zika, and infection with chikungunya replaces Zika. Furthermore, the authors include sexual transmission of Zika, assume that dengue vaccination can reduce Zika susceptibility, and consider the possibility of ADE of dengue over Zika (but not ADE of Zika over dengue) by altering the susceptibility of hosts and vectors to Zika, rather than altering Zika infectivity of these populations. Okuneye et al. ([@CR24]) found that under this superinfection hierarchy, dengue-induced ADE and dengue vaccination had only minor impacts on Zika transmission.

Another mathematical study considered dengue and Zika coinfection in order to examine the impact of dengue vaccination on a Zika outbreak (Tang et al. [@CR32]). The model captures vaccination indirectly through initial conditions. Every combination of susceptible and infectious populations is given a different infection rate, so in principle the model could accommodate both ADE in humans and altered infectivity of coinfected vectors, but qualitative analysis was limited to computation of the basic reproductive number (the number of secondary infections that a single infected individual can make in a completely susceptible population), and numerical analysis set all the infection rates equal to each other (without units) except the rate at which coinfected mosquitoes infect naive humans (with either virus) and the rate at which Zika-monoinfected mosquitoes infect dengue-recovered humans. Comparison of two graphs verified that when these latter two rates were increased by a factor of 3.6, Zika incidence increased. The study's main conclusion was that a high mosquito birth rate together with dengue vaccination could increase Zika incidence and cause a Zika outbreak to occur earlier and have a higher peak than observed with low mosquito birth rates.

More recently, Wang and Zhao ([@CR35]) published a similar study, with dengue and Zika spreading in a population where the dengue vaccine is available. They assumed perfect vaccine efficacy and found a monotone increase in Zika's basic reproductive number with increases in vaccination. However, the authors also assumed that mosquitoes cannot be coinfected with Zika and dengue, thus precluding any possibility of considering altered infectivity for coinfected vectors.

We therefore propose a study which simultaneously explores the three facets of what we call the dengue--Zika interplay: coinfection of humans and vectors, altered vector infectivity, and ADE of dengue and Zika. In this article, we develop the first Zika and dengue transmission model that includes coinfection (in humans and mosquitoes), altered vector infectivity, and ADE for both viruses (i.e., viral enhancement of Zika given dengue antibodies and enhancement of dengue given Zika antibodies). The goal of the present study is to better understand the epidemiological consequences of the dengue--Zika interplay. In particular, through a deterministic mathematical model that utilizes a system of nonlinear ordinary differential equations, we seek to answer the following research questions: How does the endemic presence of dengue affect Zika's ability to spread in a region?How does invasion of Zika affect the endemic presence of dengue?With Zika rapidly spreading across the globe to regions endemic with dengue, examining the complex interactions between the two pathogens is vital to clarifying the public health impact of the cocirculation of both diseases and potentially informing future vaccine development and control strategies.

Model Development {#Sec2}
=================

The current study is placed in the context of dengue and Zika cocirculation in El Salvador. The total human population (given in Table [2](#Tab2){ref-type="table"}) represents the calculated at-risk population for Zika in El Salvador during the 2015/2016 outbreak, as described in Shutt et al. ([@CR30]). Since Zika and dengue are spread by the same vector and are in similar geographic regions, we assume that this number also represents the population at risk for dengue during that time.

A visual representation of the deterministic dengue and Zika coinfection model that we consider is shown in Fig. [1](#Fig1){ref-type="fig"}, with the state variables and parameters described in Tables [1](#Tab1){ref-type="table"} and [2](#Tab2){ref-type="table"}, respectively. In this model, we make the following assumptions: Human and mosquito populations remain constant.Only one dengue serotype is cocirculating in the study region \[an assumption also made in Isea and Lonngren ([@CR14]) and Okuneye et al. ([@CR24])\].There is no disease-induced death in the human population as the case-fatality rate for each disease is low (Moraes et al. [@CR22]; PAHO [@CR26]).ADE occurs after a person has recovered from a primary infection and is subsequently infected with the other virus. ADE produces an increased viral load.All humans are equally susceptible to infection by a given virus (and the same for mosquitoes), but humans who have recovered from a primary infection and then become infected with the other virus exhibit altered (increased) infectivity due to ADE.Any dengue/Zika coinfection in humans and mosquitoes is sequential (i.e., requires two infection events) rather than simultaneous.Coinfection alters the rate at which mosquitoes transmit dengue/Zika.Fig. 1Zika and Dengue Coinfection model schematic: arrows represent changes in infection status (movement between different state variables) among humans (at left) and vectors (at right). Shading indicates infective classes; heavy shading denotes classes with altered infectivity. Note that demographic renewal is not depicted in this diagramTable 1Epidemiological classesState variableDescription$\documentclass[12pt]{minimal}
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Model Equations {#Sec3}
---------------

The system of nonlinear differential equations corresponding to the dengue and Zika coinfection model described above is given by ([1](#Equ1){ref-type=""}).A majority of the baseline parameter values used for this model were obtained from previously published literary sources as indicated in Table [2](#Tab2){ref-type="table"}. To obtain the Zika and dengue transmission modification factors, we observed the difference in viral cDNA copies between monoinfected and coinfected mosquitoes described in Chaves et al. ([@CR7]). Based on this study, the number of dengue virus cDNA copies in coinfected mosquitoes was 1.25--12 times higher than in monoinfected mosquitoes, while ZIKV cDNA copies were 6--9 times lower in coinfected mosquitoes than monoinfected mosquitoes. Assuming that these ranges correspond to the disease transmission capability of coinfected vectors, we use values within the ranges for $\documentclass[12pt]{minimal}
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Under the assumption that human infection with the ZIKV is completely independent of DENV immunity (i.e., $\documentclass[12pt]{minimal}
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Equilibrium Points {#Sec4}
==================

To find equilibrium values of ([1](#Equ1){ref-type=""}), we set all of the differential equations to zero. Some of the equilibria are detailed in Table [3](#Tab3){ref-type="table"} and describe scenarios when no disease is present within the population (disease-free equilibrium), or when only one disease is present (dengue-only or Zika-only equilibrium). Although we were unable to find an analytic expression for a copersistence equilibrium, numerical explorations suggest the existence of a stable copersistence equilibrium when both the dengue and Zika invasion reproductive numbers (IRNs) exceed 1. These IRNs are detailed in Sect. [5](#Sec6){ref-type="sec"}. Existence criteria for the unique single pathogen equilibria are described in Lemma [1](#FPar1){ref-type="sec"} and Theorem [1](#FPar2){ref-type="sec"}.

Lemma 1 {#FPar1}
-------

For ([1](#Equ1){ref-type=""}), a unique dengue-only equilibrium exists iff$$\documentclass[12pt]{minimal}
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The proof of Lemma [1](#FPar1){ref-type="sec"} is in "Appendix."

Theorem 1 {#FPar2}
---------

For ([1](#Equ1){ref-type=""}), a unique Zika-only equilibrium exists iff$$\documentclass[12pt]{minimal}
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Proof {#FPar3}
-----

As seen in Table [3](#Tab3){ref-type="table"}, all of the nonzero points of the Zika-only equilibrium are expressed in terms of $\documentclass[12pt]{minimal}
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Basic Reproductive Number {#Sec5}
=========================
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The next-generation operator method ensures the local asymptotic stability of the disease-free state when $\documentclass[12pt]{minimal}
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IRNs {#Sec6}
====

Invasion reproductive numbers (Crawford and Kribs [@CR8]; Martcheva [@CR20]; Porco and Blower [@CR28]) for autonomous systems can be derived by extending the next-generation matrix method (van den Driessche and Watmough [@CR33]) to consider any resident (non-invading) infections as non-infectious classes (Mitchell and Kribs [@CR21]). This method establishes conditions for the local asymptotic stability (LAS) of the boundary equilibria: the dengue-endemic equilibrium is LAS when dengue can spread alone but Zika cannot invade it ($\documentclass[12pt]{minimal}
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Dengue IRN {#Sec7}
----------

The dengue IRN, which describes the ability of dengue to spread in a population endemic with Zika, is calculated with $\documentclass[12pt]{minimal}
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Zika IRN {#Sec8}
--------

The Zika IRN describes the ability of Zika to spread in a population endemic with dengue and is computed in a similar manner as the dengue IRN. However, in this case $\documentclass[12pt]{minimal}
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It is worth noting that the four parameters which describe the dengue--Zika interplay do not appear in either virus's BRN but do appear in the two IRNs, specifically human ADE ($\documentclass[12pt]{minimal}
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BRN/IRN Threshold Curves {#Sec9}
========================

In order to visualize how various aspects of the dengue--Zika interplay impact the persistence of each disease, we plot IRN threshold curves for $\documentclass[12pt]{minimal}
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To disentangle the effects of altered infectivity of hosts from that of vectors, we let $\documentclass[12pt]{minimal}
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A more detailed exploration of how the altered infectivity parameters impact dengue and Zika dynamics is conducted by plotting the $\documentclass[12pt]{minimal}
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Discussion and Concluding Remarks {#Sec10}
=================================

Although cocirculation of Zika and dengue is common due to the pathogens' shared vector, the impact of cocirculation on the presence of each pathogen has not received great mathematical modeling attention. In this study, we develop and analyze the first mathematical model of dengue and Zika that incorporates coinfection in humans and vectors, altered infectivity of coinfected vectors, *and* ADE. Through various analytical and numerical results, we highlight possible epidemiological consequences inherent in the cocirculation of both diseases.

The results of this work differ from those of the previous mathematical modeling studies to consider dengue and Zika cocirculation. Specifically, our derivation of explicit expressions for the IRNs of the two viruses makes clear the role of each of the two factors (ADE in humans and coinfection in mosquitoes) which we assume to affect the infectivities of both viruses. While the complexity of the model in Isea and Lonngren ([@CR14]) prevents the authors from deriving any reproductive numbers, Tang et al. ([@CR32]) compute their model's BRN only, in which neither infectivity-altering factor appears, since the BRN is defined in terms of the disease-free state. The $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{\mathrm{z}}$$\end{document}$ expressions in our BRN are structurally similar to those in Okuneye et al. ([@CR24]) and Wang and Zhao ([@CR35]). However, unlike ours, the BRN expressions derived in these latter two papers include both vaccination and ADE parameters, because those studies assume that ADE alters susceptibility, rather than infectivity, including of vaccinated individuals. For them, ADE alters the viruses' BRNs to the extent that vaccinated individuals are present in the disease-free state. Since ADE increases the viral load during a second infection, until field studies confirm the nature of its effects during transmission, the question of whether the increased viral load increases susceptibility or subsequent infectivity remains open. We consider an increased viral load throughout the course of an infection to affect primarily infectivity.

Our calculation of the IRNs for both diseases therefore permits a more systematic and interpretable study of how ADE and coinfected vectors create a complex and asymmetric interplay between dengue and Zika viruses by changing their infectivities. The expressions for weighted-average infectivities in each IRN show how key parameter values impact them. Through Fig. [4](#Fig4){ref-type="fig"}, we see that altered infectivity of hosts has a greater impact on the IRNs than the altered infectivity of vectors. In addition, the $\documentclass[12pt]{minimal}
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In addition to Fig. [4](#Fig4){ref-type="fig"}, Figs. [2](#Fig2){ref-type="fig"} and [3](#Fig3){ref-type="fig"} provide valuable insight on how the Zika and dengue viruses affect each other on the population level. With or without altered infectivity of humans, the presence of Zika makes it possible for dengue to persist in a population in which it would not be able to persist by itself. However, our results show that ADE (i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{\mathrm{z}}>1$$\end{document}$) is essential for Zika to benefit from the presence of dengue. Without ADE, it is possible for Zika's BRN to be greater than 1, but Zika not be able to successfully invade a population because of the presence of dengue. Both of these results are due to the baseline $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu _{\mathrm{d}}$$\end{document}$ but $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu _{\mathrm{z}}$$\end{document}$ values that allow coinfected mosquitoes to be better at transmitting dengue than Zika. Furthermore, as altered host infectivity parameters increase, the region of copersitence of both viruses widens, showing a mutualistic relationship between Zika and dengue due to ADE.

From this research, it is clear that the impact of ADE on the infectivity of hosts plays a crucial role in dengue--Zika dynamics. However, there are no experimental studies that address the epidemiological consequences of ADE, specifically how it affects dengue infectivity of Zika-immune individuals or Zika infectivity of dengue-immune persons. Currently, the studies that address ADE do so on the cellular level, describing its impact on viral titers. We argue that due to the effect of the $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{\mathrm{z}}$$\end{document}$ parameters on IRN and BRN comparisons and the persistence of Zika and dengue, there is a need for studies that focus on estimating these values. Using experimentally validated $\documentclass[12pt]{minimal}
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In future, we plan to extend our study of this dengue--Zika interplay model to consider vaccination and include more than one dengue serotype. Explicitly incorporating potential Zika and dengue vaccines will give a clear picture of the possible impact of vaccinations and whether or not the use of one vaccine can indirectly exacerbate the burden of the other pathogen. In addition, since multiple dengue serotypes typically cocirculate within particular regions (and have been shown to exhibit ADE with each other), it would be beneficial to examine how the presence of more than one dengue serotype with Zika affects the long-term persistence of the various pathogens.

Appendix: Proof of Lemma [1](#FPar1){ref-type="sec"} {#Sec11}
====================================================

Proof {#FPar4}
-----

A brief inspection of the dengue-only equilibrium reveals that this equilibrium point exists (i.e., consists of nonnegative terms) iff $\documentclass[12pt]{minimal}
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